In this paper, we consider a risk process in which the distribution of the inter-claim time is the sum of two independent exponential random variables. We introduce a dependence structure between the claim size and the inter-claim time. The structure is based on FGM copula. An integro-differential equation for the expected discounted penalty function is derived and an explicit expression for the Laplace transform of ruin probability is given for exponential claim size.
Introduction
In classical risk models, the surplus process usually relies on the assumption of independence between the claim size and the inter-claim time. However, in many applications this assumption is too restrictive and unrealistic. Actually, we know that the greater the claim size is, the longer the inter-claim time is. The requirement for generalization has led to some papers on the modeling of dependence. Among them, Albrecher and Teugels [] consider general dependence structure based on a copula for the claim size and the inter-claim time, they derive asymptotic results for both the finite and infinite time ruin probabilities. Boudreault et al. [] consider a particular dependence structure among the inter-claim time and the claim size and derive the defective renewal equation satisfied by expected discounted penalty function. Cossette et al. [] consider the compound Poisson risk model in which the claim size and the inter-claim time are dependent, and the dependence structure is based on Farlie-Gumbel-Morgenstern (FGM) copula. They derive the Laplace transform of the expected discounted penalty function, and give explicit expression for the Laplace transform of the time of ruin for exponential claim sizes. Barges and Cossette [] investigate the computation of the moments of the compound Poisson risk model with FGM copula.
In this article, we consider a Sparre Andersen risk process where the claim size and the inter-claim time are dependent with FGM copula, and the distribution of the inter-claim time is the sum of two independent exponential random variables. In ruin theory, a common approach is to obtain an integro-differential equation for the expected discounted penalty function and apply it to derive the Laplace transform of the function. Dickson The paper is arranged as follows. In Section , we present the risk model and give some notations. An integro-differential equation of the expected discounted penalty function is formulated and the main results are presented in Section . In Section , we apply the integro-differential equation to derive the Laplace transform of the expected discounted penalty function. The special case where the claim size is exponentially distributed is considered in the final section.
The risk model
The surplus process is defined as U(t) = u + ct -
i= X i , where U() = u is the initial surplus, c is the premium rate, {N(t), t ∈ R + } is a renewal process, and X i (i = , , . 
The joint distribution of (X, V ) is based on the classical FGM copula, which is defined by
for every (u, v) We choose this class of copula since it provides an easy manner to construct bivariate models with a variety of dependence structures. Even if the FGM copula introduces only light dependence, it admits positive as well as negative dependence between a set of random variables and includes the independence copula when θ =  (see Nelsen [] ).
The p.d.f. associated to () is given by
For simplicity, we define the following functions:
Let T denote the time to ruin, so that
Then the probability of ultimate ruin from initial surplus u is defined as
To ensure that ruin will not occur almost surely, we assume that
Besides the ruin probability, other important ruin quantities in ruin theory include the
Laplace transform of ruin time; the surplus immediately before ruin denoted by U(T-);
the deficit at ruin denoted by |U(T)|, etc. A unified approach to study these ruin quantities is to consider the so-called expected discounted penalty function introduced by Gerber and Shiu [] ; the function is given by 
Integro-differential equation
In this section, we derive an integro-differential equation for the expected discounted penalty function m δ (u). By conditioning on the time and the amount of the first claim, we have
With (), () and (), () becomes
We define two functions:
and
where
Given () and (), () becomes
Theorem  In the risk model introduced in Section , the excepted discounted penalty function m δ (u) satisfies the following integro-differential equation:
where 
hence
In order to get (), we firstly apply the operator β(D) to both sides of () with respect to (w.r.t.) u. Given (), we have
These allow us to derive the following result:
Secondly, we take the operator α(D) to both sides of () w.r.t. u. From (), we get
Applying the operator α(D)β(D) to both sides of (), we can obtain
When repeating a similar procedure to Case , the following formulae can be obtained:
()
Given () and (), applying the operator α(D)β(D)
to both sides of (), we can derive
Hence, the integro-differential equation is true.
The Laplace transform of m δ (u) for δ = 0
Throughout this paper we denote the Laplace transform of a function f (x) by 
Thereby, () is equivalent to
To derive the expression of m 
Firstly, α(s)β(s) and α(s)f
are analytic inside the unit contour C k and continuous on C k . Let k → ∞ and denote by C the limiting contour. We want to show
which is equivalent to
are the ratios of polynomials with a strictly higher degree at the denominator. From the definitions, we have |f
Because α(s)β(s) have  positive roots, by Theorem  of Klimenok [], we can conclude that the number of solutions to () inside C is equal to . Finally, it is clear that the th root to () is ρ  =  with δ = . Hence, the conclusion is true.
In the following sections, we only consider the case that the roots {ρ i , i = , . . . , } are distinct.
Theorem  In the risk model introduced in Section , the Laplace transform of m
Proof First, from the properties of the Laplace transform, we have
In order to get (), we must take the Laplace transform of both sides of ().
where q(s) is a polynomial of degree four or less, with coefficients in terms of c, λ  , λ  , and the value of m  () and its first  derivatives at u = .
where q  (s) and q  (s) are polynomials of degree three or less, with coefficients in terms of c, λ  , λ  . For simplicity, we define the following functions:
Because m *  (s) is finite for Re(s) ≥ , the numerator on the right-hand side of () must be zero whenever the denominator is zero. From Lemma , it follows thatq(s) is the collocation polynomial of functionω(s) with respect to {ρ i , i = , . . . , }. Then, by the Lagrange http://www.journalofinequalitiesandapplications.com/content/2012/1/156 interpolation formula, we obtaiñ
Thereby, we complete the proof.
Exponential claim size
In this section, we assume that the individual claim size follows an exponential distribution with parameter μ. Let
In order to get the expression of the ruin probability, we consider a special case of the expected penalty function with ω(x, y) =  for all x, y > . .
Corollary  In the risk model introduced in
Example  For the numerical results, we choose λ  = , λ  = , μ =  and the premium rate c = . We can invert the Laplace transform in () leading to ψ(u). In Table  , the analytic expressions of ψ(u) are provided for differential dependence parameters: θ = -; -.; -.; ; .; . and , respectively. From analytic expressions of ruin probability in Table  , the resulting ruin probabilities are depicted in Figure  . We can see that for fixed value of initial surplus u and the impact of the dependence parameters range from - to , the ruin probabilities decrease. Figure 1 The result of ruin probability.
